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The purpose of this paper is to obtain sufficient conditions for oscillation of all 
solutions of the equation 
x(t) =J(f) + 
i 
’ K(r, A-, x(s), x( g(s))) ds 
(1 
to study the behaviour of its oscillatory solutions in a dependence on the distance 
between their consecutive zeros and to establish a theorem for localization of the 
zeros of its solutions. ‘c 1986 Academx Press, Inc 
The nonlinear Volterra equation with delay 
arises in certain applications to impulse theory [ 1, 21. Existence, uni- 
queness, extendibility in t, and dependence on f and K are established in 
[3], comparison theorems have been proved in [4, 51, and the asymptotic 
behaviour has been discussed in [63. 
Our purpose here is to provide conditions on .h K, and g which ensure 
oscillation of solutions of (1) and to study the behaviour of the oscillatory 
solutions. 
DEFINITION 1. By a solution of (1) we mean a function x(t) E C’[a, 03) 
which satisfies (1) on [a, co), x(s) =/z(s) on I and ~up,~,~ Ix(t)\ >O for any 
tl > a where I= {s 3 a: g(s) <u} and h(s) is bounded and integrable on I. 
Denote by S the set of the solutions of (1). 
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DEFINITION 2. A solution x(t) E S is said to be oscillatory if it has 
arbitrarily large zeros and nonoscillatory otherwise. 
DEFINITION 3. An oscillatory solution x(t) E S is said to be quick 
oscillatory if IT,+,--z,/ +,+,O, moderate oscillatory if 
sup, IT,+ 1 - 7”l < co, and slow oscillatory if I7,+, - 7,.I -+“+ 5 co for any 
pair (T,,, 7, + ]) of consecutive zeros of x(t). 
Further on, we suppose that the functions K, f, and g satisfy conditions 
WI: 
H 1. (1) K(., s, u, u) is measurable for any (s, u, v) E D and bounded on the 
compact subsets of D, where D = [a, t] x Q2 and B is an open interval in R; 
(2) K(t, s;, .) is continuous for any t > a and a.e. s E [a, t]; 
(3) K(t,s,u,u)=Ofors>tandu,v~Q. 
H2. f(t)EC[a, a),f(a)EQ, andf(t) is boundedfor t>a. 
H3. s(t)ECCa, ~01, g(t)<t, andg(t)+,,, a3. 
LEMMA 1. Let conditions (H) hold, K(t, s;, .) be nondecreasing, and 
uK,(t, s, u, u) > 0 for u#O, uv>O. (2) 
Then all solutions of (1) are bounded. 
Proof: Let x(t) E S. If we establish that lim supt _ oo x(t) < cc and 
lim inf, _ m x(t) > -cc then the assertion of Lemma 1 holds. We will prove 
only the first boundedness since after the substitution x = -x, f= -f, 
@t, s, U, V) = -K(t, s, -u, -a) Eq. (1) transforms to the equation 
z(t)=j=(t)+[k(t,s,X(s),X(g(s)))ds 
u 
for which the functions f(t) and K( t, s, U, 6) satisfy conditions of Lemma 1 
and lim sup, j a X(t) = -1im inf, _ cc x(t). 
Let us suppose that lim supt+ o. x(t) = co. Then we may find a number 
T1 2 a so large that either x’(t) > 0 or x’(t) oscillates for t > T, . If x’(t) 2 0 
for t 2 T, then we can find Tj > T, > T, such that x(t) > 0 for t 2 T2 and 
x(g(t))>O for t> T3. 
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Then via (2), Hl( l), and H1(3), (1) yields the contradiction 
co -xX(t)=f(t)+ jr,K(t m-t , s, x(s), x(&l)) ds u 
d SUP If(t)l+(T3-a) SUP 
r > 7-3 r 2 7, 
Ct [U.Ti] 
+ j K(t, t, x(s), x( g(s))) ds < 00. 
73 
If x’(t) oscillates, then we can find a set {t,} ,“= , c [T,, co) of zeros of 
x’(t) with the properties: 5, -+” _ o. co, g(<i)>a and if M,=x(t,)= 
s~p~,,~~~x(t) then M,+l>M, and M,-+,,, co. 
From (1) with t = t,, using condition of Lemma 1, we obtain 
00 - Mv = -45,) =f(4,) + 1” K(t,, s, x(s), x(&J)) ds cc t v u 
+ 
s ” K(t v, s, x(s), x(&l)) ds 51 
6 SUP If( + (51 -aI SUP IKtt, $9 X(J), -4gb)))l 
I>U rat1 It CO.SI] 
+ j:,’ K(t,, 5,, x(s), x(g(s))) ds < 00 
which is a contradiction. 
Lemma 1 is proved. 
THEOREM 1. Let conditions (H) and (2) hold, lim,, iu K(t), s, u, u)= 0 
on the compact subsets of D, and lim, _ o. f(t) = 0. 
Then all nontending to zero solutions of (1) are oscillatory. 
Proof: Suppose the contrary and let x(t) be nonoscillatory and do not 
tend to zero as t + cc. Let T, > T, > a be such that x(t) > 0 for t 2 T1 and 
g(t) > T, for t >/ T2. (The proof is similar when x(t) < 0 for t > T, .) As in 
the proof of the first part of Lemma 1 we obtain that 
x(t) <f(t) + ., K(t, s, x(s), x(g(s))) ds 
,Z 
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and letting t + co we get X(I) +f _ oD 0 which contradicts the assumption 
that x(t) > 0 and x(t) is nontending to zero as t -+ co. 
Theorem 1 is thus proved. 
Now we shall formulate two lemmas which give a possibility of clarifying 
the behaviour of oscillatory solutions of (1). 
LEMMA 2 [7]. Let IC/(t) E C’[a, 00) be a quick oscillatory function and 
I+V( t) be bounded. Then I/I(I) +, _ m 0. 
LEMMA 3 [S]. Let t&t)E C’[a, co) be a moderate oscillatory function 
and tj’(t)-I+ooO. Then $(t)-+,+co 0. 
Using Lemma 1 and 2 we obtain 
COROLLARY 1. In addition to conditions of Lemma 1 suppose: 
(1) f’(t) is bounded and K,(., s, u, Y) is bounded on the compact subsets 
ofD. 
(2) K,(t,s,u,u)=Ofor s>t and uK,(t,s,u,o)>Ofor u#O, uu>O. 
(3) K,(t, s, ., .) is nondecreasing. 
Then all quick oscillatory solutions of (1) tend to zero as t -+ co. 
Proof According to Lemma 1 all solutions of (1) are bounded, i.e., 
there exist L=const ~-0 and f2>tl >a so that Ix(t)1 <L for iat, and 
g(t) 3 t, for t 3 t2. Differentiating (1) and using Hl( 3) and conditions of 
Corollary 1 we obtain 
x’(t) =f’(t) + jr2 K(t, s, x(s), x(g(s))) ds 
a 
+ j-’ Kit, s, x(s), x(g(s))) ds 
12 
<f’(t) + (& -a) sup IK(t, s, x(s), x(g(s)))l 
5 E C&f21 (3) 
+ j’ mt, s, L, L) ds 
4 
G If ‘(t)l + (& -a) sup IK(6 s, x(s), x(g(s)))l 
SE [a,12] 
+ j’ K(t, t, L, L) ds, 
12 
i.e., x’(t) is bounded and according to Lemma 2 x(t) -+, _ o. 0. 
Corollary 1 is established. 
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COROLLARY 2. In addition to conditions of Lemma 1 suppose: 
(1) Conditions 2 and 3 qf Corollary 1 hold. 
(2) lim,, u f’(t) = 0 and lim, _ ~ K,( t, s, u, u) = 0 on the compact suh- 
sets of D. 
Then all moderate oscillatory solutions of (1) tend to zero as t + a3. 
Proof: Let x(t) E S be moderate oscillatory. As in the proof of 
Corollary 1 we obtain (3) which implies that x’(t) -+ f _ 3cI 0. 
By Lemma 3 we conclude that x(t) + I _ o 0 and Corollary 2 is proved. 
Remark. Since quick oscillatory functions are moderate oscillatory, we 
observe that Corollary 2 ensures the convergence to zero as t -+ co of quick 
oscillatory solutions of ( 1). 
The following lemma ensures the unboundedness of all solutions of (1) in 
the case when K= K(t, s, x( g(s))) (K= K(t, s, x(s))). 
LEMMA 4. In addition to conditions (H) and (2) suppose: 
( 1) K( t, s, .) is nondecreasing and uK( t, s, u) > 0 for u # 0, uu > 0. 
(2) lim,-s 1: IN t, s, c)l ds= co ,for any c#O. 
Then all solutions of (1) are unbounded. 
Proof. Suppose the contrary and let x(t) E S be bounded. Then we may 
find L = const > 0 and T, > T, 3 a so large that 1x( t)l d L for t < T, and 
Ix(g(t))l <L for t 2 T,. 
Let x(t) be nonoscillatory and let, for instance, 0 < x(t) < L (the proof is 
similar when -L 6 x(t) < 0) for t < T,. In view of Hl( 1 ), H2, and con- 
ditions 1 and 2 of Lemma 4 we get the contradiction 
L>x(t)=f(t)+jl: K( 
0 
t, s, x(g(s))W~+ j’ K(t, .Y, -x(g(s)))ds 
T2 
3 -If(t)1 -(T,-a) 
.\ c 
SUP lK(r_.r,x(g(s)))l+j:,Klt,.~,L)dr~ a. 
[u,T>J 
Let x(t) be oscillatory. Then x( g(t)) is oscillatory too and having in 
mind conditions H2, H](3), (2), and condition 2 of Lemma 4 we obtain the 
contradiction 
L>x(t)=j(t)+{‘K(t, 
a 
s,x+(g(s)))ds+j’K(t,s, -x--(g(s)))ds 
a 
> -If(t)l+j'K(t,s,L)ds+j~K(t,t,-x-(g(s)))ds~ M a fl 
where a+ =max{O, a} and a =max{O, -a} for any aER. 
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Lemma 4 is thus proved. 
THEOREM 2. Let conditions of Lemma 4 and condition 2 of Corollary 1 
be jiulfilled. Let f'(t) be bounded and uK,(t, s, v) > 0 for u # 0, uv > 0 
(uK,( t, s, u) > 0 for u # 0). 
Then all oscillatory solutions qf (1) are slow oscillatory. 
ProofI Suppose the contrary and let x(t) be a moderate oscillatory 
solution of (1). Having in mind Definition 3 we can find a constant N > 0 
so that IrV+ i - T,( 6 N for every pair of consecutive zeros of x(t). Since x(t) 
is unbounded (according to Lemma 4) andf’(t) is bounded, we can choose 
A4 = const > 0 and Tg a so large that x(T) > A4 > f ;N where 
fb=SUPI>o If’(t)l. 
Let Ti and Ti+ , be consecutive zeros of x(t) such that TE (zi, zi+ I). The 
oscillation of x(t) ensures the existence of ?ji~ (zi, zi+,) so that x’(r,)=O 
and X( 5i) > X(T). 
Differentiating (1) and using conditions of Theorem 2 we obtain 
x’(t)=f’(t)+jfK,(t, 
(I 
s, x+(&l)) ds+[‘K,(t, s, -x-(g(s))) ds 
0 
<fb+ ‘K,(t,s,x+(g(s)))ds i 0 
<f;+ ‘K,(t, t,x+(g(s)))ds=fb. i a 
Integrating the above inequality from 5i to tj we get the contradiction 
M<X(:i)=X(:i)-X(Ti)Sl"fbds=fb(c;-T,)<fb(Ti+~-Ti)'fb~ 
r, 
Thus, all oscillatory solutions of (1) are slow oscillatory. 
Theorem 2 is proved. 
Finally, we will prove a theorem which is an analogue of the classic Stur- 
mian theorem [9] for localization of the zeros of solutions of the equation 
x(t) =f(t) +j-r K(t, s) x(g(s)) ds 
a 
(4) 
which is a particular case of ( 1) when K s K(t, s)u. 
Let 
q(t) k t, q’(t) > 0, and 4(dt)) = g(q(t)) = t. (5) 
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We need the following definitions: 
DEFINITION 4 [lo]. The interval (tr, f2) is said to be positive 
(negative) semicycle of the continuous function I/I(~) if rl/(tl) = @(t2) = 0 and 
Ii/(t) > 0 t+(t) < 0) for t E (tl, td 
Following Domshlak [ 111 we introduce 
DEFINITION 5. The positive (negative) semicycle (tl, t2) of the defined 
on (t,, q(t2)) solution y(t) of the inequality 
is said to be a regular if q(tl)< t2 and y’(t) y(t)<0 for tE (zI, t2), 
&g(t), t) y(t)<0 (30) for t~(f*, q(t2)), and Kdt,s) y(s)<0 (20) for 
(6 s) E (t,, t2) x (da), q(b)). 
THEOREM 3. In addition to conditions H2, H3, and (5) suppose: 
( 1) K(., s) is measurable for any s E [a, t] and K( t, .) is integrable for 
a.e. t 2 a. 
(2) K(t,s)>Ofor (t,s)E(tl,tz)x(a,t,),K(t,t)~Ofor tE(tl,q(tl)) 
andK(t,t)a&g(t),t)for t~(q(t,),t~), where (t,,t2) isaregufursemicycle 
of the solution y(t) of (6). 
(3) x(t)f’(t)>,Ofor tE(t,, t2)for any solution x(t) of(4). 
(4) At least one of the above inequalities is strong on some subinterval 
of (4 f2). 
Then x(t) has at least one zero in [g(u), t2]. 
Proof. Suppose the contrary and let, for instance, x(t) > 0 for 
t E [g(a), t2] (the proof is similar when x(t) < 0 for t E [g(a), t2]). Differen- 
tiating (4), multiplying by y(t), and integrating from t, to t, we get 
~i2x’(t)y(t)dt=~‘*/‘(t)y(t)dt+~‘2y(t)~fKy(t,s)x(g(s))dsdt 
11 11 fl (1 
+ jr2 K(t, t) Y(C) X(g(t)) dt. 
II 
(7) 
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Integrating by parts the left-hand side of (7) and adding suitable 
expressions to its right-hand side, we obtain 
0 = J-” X(f) [y’(t) + Rf9 4(t)) Adt)) 
11 
+ 1’ &t, q(s)) y(q(s)) q’(s) ds +.??t) 1 dl a 
+ 5” [J-W y(t) -?U) x(t)1 dl 
11 
+ j-” CY(~) Wt, t) x(g(t)) -x(t) @> q(t)) Y(dt)) d(t)1 df 11 
+ j-” [y(t) j’ K,(t, ~14 g(s)) ds 
II II 
-x(t) j%k q(s)) Ads)) q’(s) ds dt. 
a 1 
Since 
(8) 
f f2 CAtI K(c 1) x(g(f)) - x(t) KU, q(t)) ddt)) q’(t)1 dt fl 
I 
dll) = y(t) Nt, t) x(g(t)) df + 1” y(t) f4c t) x(g(t)) dl 
11 4(O) 
- 
5 q(r2)&g(f), dfl) 
~)y(r)x(R(I))d~=~~(~“y(t)K(f, t)x(g(t))dz 
fl 
+ I 12 y(t) x(g(t))CK(t, t) - &W, t)l dt 4(11) 
df2) _ - 
s &g(t), 1) At) x(g(f)) dt (9) 
12 
we observe from (8) using (9), Definitions 4 and 5, and conditions of 
Theorem 3 that the right-hand side of (8) is positive (negative) when 
(t,, f2) is a positive (negative) semicycle of y(t). 
This contradiction proves Theorem 3. 
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